ON THE DRINFELD GENERATORS OF fltt x (k) AND T-FUNCTIONS FOR 

ASSOCIATORS 
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Abstract. We prove that the Drinfeld generators of grt 1 (k) span the image of this Lie 
algebra in the abelianization of the commutator of the free Lie algebra with two generators. 
We show that this result implies T-function formulas for arbitrary associators. 



Introduction and main results 

0.1. Results on grt 1 (k). Let A, B be free noncommutative variables and k be a field with 
char(k) = 0. Let fa(A,B) be the free Lie algebra generated by A, B. The Lie algebra grt 1 (k) 
is defined in [Dr] as the set of all ip £ f%(A, B), such that 

1>(B,A)=-il>(A,B), (1) 
i/>(A, B) + ip(B, C) + ip(C, A) = if C = -A - B, (2) 

^12,3,4 _ ^1,23,4 + ^1,2,34 = ^2,3,4 + ^1,2,3. (3) 

The last relation takes place in the Lie algebra t4, defined as follows. When n > 2, t n is the Lie 
algebra with generators tij, i ^ j £ {1, . . . , n} and relations Uj = tji if i j, [Uj + tik, tjk] = 
if i,j,k are distinct, and [Uj , t^i] = if i, j, k, I are all distinct. If I\ , . . . , /„ are disjoint subsets 
of {1, . . . , m}, then the Lie algebra morphism t„ — > t m , ip i— > d 1 ' " ' In (ip) = ip 11 '-- ' In is defined 
by Uj i — > J2aei pel- tap- Then t3 is the direct sum of its center k(ti2 + £13 + £23) and the free 
Lie algebra generated by £12,^23, and we use the identifications A = t\2 1 B = £23- 

grt n (k) is also equipped with a graded Lie algebra structure (it is not a Lie subalgebra of p). 

Define p C f-2{A, B) as the commutator subalgebra. If we assign degrees 1 to A and B, then 
p is the sum of all the components of f2(A, B) of degree > 1. Then p/[p,p] is an abelian Lie 
algebra, linearly spanned by the classes pki of a,d(A) k ~ 1 ad(B) f_1 ([A, B]), where k,£ > 1. We 
have grt 1 (k) C p; grt n (k) is a graded subspace of p. 

In [Dr], Drinfeld constructed a family of elements a n £ grt 1 (k) (n — 3, 5, 7, ... ), such that 

the image of the class [er„] of a n in p/[p, p] under the isomorphism i : p/[p, p] ~ (A B) C kL4, B], 

/. ^ 

Pki i-> A B is 

i([a n ]) = (A + Br-A n -B n . 

We will prove: 

Theorem 0.1. Assume that tp £ grt 1 (k) is homogeneous of degree n. Ifn is odd and > 3, then 
the image [i/j] of if) in p/[p,p] is proportional to [a n ]. Otherwise, this image is zero. 

Remark 0.2. Actually, we will show that the conclusion of this theorem is valid if we assume 
that ip only satisfies (2) and (3). 

Remark 0.3. The maps ip 1— > -0 12,3 ' 4 , ip 1— * -0 1,23 ' 4 , etc., extend to algebra morphisms U(fe(A, B)) 
t/(t 4 ). Similarly to [EH], one can show that {ip £ f 2 (A, B)\tp satisfies (1), (2) and (3)} = 
{a 12 ^ 3 - a 1 * 23 - a 2 < 3 + a 1 * 2 ^ £ t 12 k[t 12 }} © flrt^k). 
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0.2. T-functions for associators. Let F 2 be the degree completion of U(fa(A,B)) (A and B 
have degree 1). 

If A e k x , then Assoc^k) is defined as the set of all $ e F 2 X , such that 

A($) = $ ® $, 

$(A, B)e AA / 2 $(C, A)e AC / 2 $(B, C)e AS/2 = 1 if C = -A — B, 

$ 2,3,4 $ 1,23,4 $ 1,2,3 = $1,2,34^12,3,4 

In particular, $ has the form $ = exp(<p), with y> £ f2 (^4, -B) (the degree completion of fe{A, B)). 
We also set Assoc(k) = {(A, $)|A g k x ,$ G Assoc A (k)}. 

If X is any element in F 2 , then there is a unique pair (Xa, Xb) of elements of i*2, such that 
X = £(AT)1 + X A A + X B B (here e is the counit map of F 2 ). We denote byln X ah the 
abelianization morphism F2 — > k[p4, 5]], defined as the unique continuous algebra morphism 
such that A 1-^ A, B B . 

Recall the formula £(n) = (27ri)™r„ for n even, where r„ is a rational number (we have 
r n = —B n /(2n\), where B n is the Bernoulli number defined by u/(e u — 1) = X)fc>o B^u /k\). 

Corollary 0.4. Let A g k x and $ g AssocA(k), iften i/iere exists a unique sequence ((<s>(n)) n > 2 
of elements of k, such that 

(i + <fr B s) ab = W + B 2 (4) 

w/iere T$ is the invertible formal series r$(u) = exp(— J2 n >2 (<i>(n)u n /n). We have £*(n) = 
A n r„ /or n eijen. 

This result is contained in an unpublished paper by Deligne and Terasoma. Our proof relies 
on Theorem 0.1 and the torsor structure of Assoc(k). 

Acknowledgements. I would like to thank G. Halbout for discussions on rjrt 1 (k) in December 
2002. I also thank G. Racinet for informing mc about the unpublished work of Deligne and 
Terasoma, and T. Terasoma for sending me a preliminary version of this work. 

1. Proof of Theorem 0.1 

According to [Dr], the Lie algebras l n have the following properties. The elements ti n , 
i = 1, . . . ,n — 1 generate a free subalgebra f„_i C t„. The Lie subalgebra of t„ generated by 
the tij, i ^ j g {1, . . . , n — 1} is isomorphic to t n ~i- We have t„ = f„_i © t n -i; this is a 
scmidirect product as l n -i may be viewed as a Lie algebra of derivations of f n -\. 

Let us set T n = U(tn). The Lie algebra morphisms ip 1— > d Jl '"" ' In (ip) = extend to 

algebra morphisms T n — > T m , which we denote in the same way. 

We set d - -rf 2 ' 3 ' 4 + d 12 ' 3 ' 4 - d 1 ' 23 ' 4 + d 1 ' 2 ' 34 - d 1 ' 2 ' 3 . So d = d! + d" , where d! = -d 2 - 3 < 4 + 

rf 12,3,4 _ d l,23,4 and d n = ^1,2,34 _ rf l,2,3 Xhcn rfj ^ are lmcar maps Tg ^ which restrict 

to linear maps t3 — > t4 (which we denote the same way). 
Lemma 1.1. T/ie linear maps d, d! and d" map f 2 C t3 to fa C t4. 

Proof. There is a unique Lie algebra morphism £ 4 : t 4 — > t 3 , with s^tij) = t^ for i < j < 4 
and £4(^4) = for i < 4. Then Ker(e4) = f3. 

We have £4 o d" = 0, hence d"(f2) C Ker(£4) = f 3 . On the other hand, the Lie algebra 
morphisms d 2 ' 3,4 , d 12 ' 3,4 and c? 1,23,4 : ts — > t4 are such that (£13, £23) >— > (£24,^34), (£13,^23) >— » 
(ti4 + ^24,^34), (£13,^23) !— > (ii4,i24 + £34), so these morphisms take the generators of f 2 to f3, 
so they induce Lie algebra morphisms f 2 — > f3- Therefore d'(f2) C f 3 . It follows that d(f2) C f 3 . 

□ 
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We set F n -i := f/(f„_i), T n := U(l n ). Then the tensor product of inclusions followed by 
multiplication induces a linear isomorphism F„_i ®T„_i —> T n . We denote by II : T4 — > F4 the 
composition F 4 ~> F 3 (gi T 3 ld -§ e F 3 , where e : T3 = f/(t3) — > k is the counit map. 
Lemma 1.2. dl : T 3 — > T4 is such that d'(F 2 ) C F3. On the other hand, the composition 

F 2 ^ T 3 
diagrams 



F2 —> T3 —y F 3 is a linear map F 2 — » -F3 extending d" : f 2 — > f 3 - So we /icwe commuting 



F 2 


d' 


*3 


U 




u 


f 2 


d' 


f 3 



^2 — > -t3 - * ^3 

anc? U U 
f 2 - f 3 

Proof. We have seen that the Lie algebra morphisms d 2 ' 3,4 , g? 12 ' 3 ' 4 and o! 1 ' 23 ' 4 : t 3 — > restrict 
to Lie algebra morphisms f 2 — ► f 3 . It follows that their extensions to algebra morphisms T 3 — ► T 4 
restrict to algebra morphisms F 2 — > F 3 . As (f is a linear combination of these morphisms, it 
follows that d'{F 2 ) C F 3 . 

Let ip be an element of f 2 . We have seen that d"(t]j) e f 3 C F 3 . For any 1 e F 3 , we have 
n(x) = Z. Therefore IL(d"(tp)) = d"(tp). □ 

It follows that 

Ker(d : f 2 -► f 3 ) = Kcr(rf' + n o d" : F 2 -» F 3 ) n f 2 . (5) 
We now define vector subspaces I 2 C F 2 and J 3 C F 3 as follows. 

Set X := i 13 , Y := t 23 (elements of F 2 ). Then F 2 = k{A, Y). A basis of F 2 is the set of all 
words in X, Y. We define I 2 to be the linear span of all words of the form wXw'Yw" , where 
w, w' ,w" are words in A, Y. So I 2 is spanned by the non-lexicographically ordered words, where 
the order is Y < X. 

Set x := iu, y := t 24 , z := t 34 (elements of F 3 ). Then F 3 = k(x,y,z). A basis of F 3 
is the set of all words in x, y, z. We define I 3 to be the linear span of all words of the form 
wxw'yw" , wxw' zw" or wyw' zw" , where w, w' , w" are words in x, y, z. So I 3 is spanned by the 
non-lexicographically ordered words, where the order is z < y < x. 

Lemma 1.3. We have linear isomorphisms F 2 /I 2 ~ k[A,Y"] and F 3 /7 3 ~ k\x, y 7 ~z], where 
X,Y on one hand, x,y,z on the other hand are free commutative variables. 

Proof. Let V 2 C F 2 be the subspace with basis Y b X a , where a, b > 0. Then V 2 © I 2 — F 2 , so 
we have an isomorphism F 2 /I 2 ~ V 2 . We then compose this isomorphism with V 2 — > k[A, Y"], 

y fc A a 1 ► X Q F fc . 

Let y 3 C F 3 be the subspace with basis z c y b x a , where a, b, c > 0. Then V 3 © 7 3 = F 3 , so 
we have an isomorphism F 3 /7 3 ~ V 3 . We then compose this isomorphism with V 3 — ► k[x, y, z], 
z c y b x a 1— ► x a y b z c . □ 

Remark 1.4. Even though 7 a is a two-sided ideal of F a (a = 2,3), the isomorphisms of Lemma 
1.3 are not algebra isomorphisms. Indeed, the algebras F a /I a are noncommutative and have 
zero divisors. □ 

d 1,2 ' 34 n 

Lemma 1.5. Define tt : F 2 — > F 3 are the composition F 2 — > T 3 — > F 3 . TTien LI o c?"(a) = 
7r(a) — e(a)l /or any a E F 2 (here e : F 2 = t/(f 2 ) — > k is the counit map). 

Let t 13 ,t 23 be the derivations of F 3 defined by r i3 : x 1— > [a:, 2], y h-> 0, z 1— > and 
r 23 : x 0, y i-> [y, z], z 1-^ [z, y] . 

T/ien we have, for any a e F 2 , 

w(Xa) = xw(a) + T 13 (ir(a)), ir(Ya) = yir(a) + r 23 (7r(a)). (6) 



4 BENJAMIN ENRIQUEZ 

Proof. If a G T 3 , then II o d 1,2 ' 3 (a) = s(a)l, where e : T 3 = U (t 3 ) — > k is the counit map. So 
if a e F 2 , we have n o d"(a) = II o d 1 - 2 ' 34 ^) - e(a)l. 

Let us now prove formulas (6). Let a G F 2 , then d 1,2:34 (a) = 7r(a) + ^ a^i, where a* G F 3 
and ti G Ker (e : T 3 = £/(t 3 ) — > k) (here e is the counit map). So 

d 1A34 (a) = (ti 3 + tu)(7r(a) + ^ Oi*0 

= ar(7r(a) + ^a***) + [£i 3 ,7r(a)] + 7r(a)ti 3 + ^[£i 3 ,a 2 ]£ 2 + ^Oj(ti3tj). 

i i i 

We have [ii 3 , 6] = 713(6) for any 6 G F 2 , so this is the sum of xir(a) + Ti 3 (7r(a)) and J2i xa iti + 
7r(a)£i3 + ^ 7i3(ai)ij + J2i a i{tizti)- The first term belongs to F3 and the second term belongs 
to F 3 Ker (e : T 3 — > k), so the image of their sum by II is the first term, i.e., X7r(a) + 713(77(0)). 
This proves the first identity of (6). The second identity is proved in the same way. □ 

Proposition 1.6. We have d'(7 2 ) C 7 3 and LI o d"(I 2 ) C I3. 

Proof. Let w,w',w" are words in X,Y. Then d^iwXw'Yw") = d 2 ^ 4 {w)yd 2 ^ 4 {w')zd 2 - 3A {w"), 
which decomposes as a sum of words of the form w\yw 2 zw 3 , where Wi are words on x, y, z. So 
d 2 ^ 4 (wXw'Yw") G 7 3 , which shows that d 2 < 3 < 4 (7 2 ) C la- 
in the same way, d 12 ' 3 ' 4 (wXw'Yw") = d 12 ^ 4 (w){x + y)d 12 < 3 ' 4 {w')zd 12 < 3 ' 4 {w") belongs to 7 3 , 
so d 12 ' 3 ' 4 (7 2 ) C 7 3 . 

We also have d 1 - 23 ' 4 {wXw'Yw") = d 12 > 3 - 4 (w)xd 12 - 3 ' 4 {w')(y + z)d 12 ' 3 ' 4 {w") belongs to 7 3 , so 
d 1 ' 23 ' 4 ^) C 7 3 . 

Since d' = -d 2 < 3 < 4 + d 12 < 3 < 4 - d 1 ' 23 ' 4 , it follows that d'(7 2 ) C J 3 . 
Let us now prove that LI o d"(7 2 ) C 7 3 . 

If a G F 2 , we have LI o d" (a) = w(a) — s(a)l. Now e(a) = if a G 7 2 , so we have to prove 
that 7r(/ 2 ) C 7 3 . 

We denote by 7 2 [n] the degree n part of 7 2 (here X, y have degree 1). We will prove by 
induction on n that 7r(7 2 [n]) C 7 3 . 

When n = 2, 7 2 [n] is spanned by XY. Then tt(XY) = H((ti a +x)(t 23 +y)) = xy+Ti 3 (y) = xy 
belongs to 7 3 . 

Let n > 3 and assume that we have proved that 7r(7 2 [n — 1]) C 7 3 . Let us prove that 
7r(7 2 [n]) c 7 3 . 

7 2 [n] is spanned by the words YwXw'Yw" , where w, w',w" are words in X, Y of total length 
n — 3, and by the words XY b X a , where a > 0, b > and a + b = n — 1. We should prove that 
7T takes these words to 7 3 . 

Let us study the image of the first family of words. Set w'" := wXw'Yw" . Then w'" G 
7 2 [n — 1], and according to (6), 

7r(YV") = yw(w"') + t 23 (tt(w"')). (7) 

Now the induction hypothesis implies that ir(w"') G 7 3 . Since 7 3 is a two-sided ideal of 7 3 , 
yn{w"') G 7 3 . 

On the other hand, let us prove that if a G 7 3 , then r 23 (a) G 7 3 . If a is a word of the form 
wxw'yw", then 

723(a) = t 23 {w)xw' yw" + wxt23(w )yw + wxw'[y, z]w" G 7 3 . 
If a has the form wxw' zw" ', then 

7 23 (a) = t 2 3(w)xw' zw" + wxt 2 3(w')zw" + wxw'[z,y]w" G 7 3 . 
If a has the form wyw'zw", then 

7 23 (a) = T 2 3{w)yw' zw" + w[y, z]w'zw" + wyT 2 3{w')zw" + wyw'[z, y]w" + wyw' zt 2 3{w") G 7 3 . 
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By linearity, it follows that if a G I3, then T 2 3(a) G I3. 

In particular, t 23 (7t(w/")) G I 3 . Therefore (7) implies that tt(Yw"') G ^3. 

Let us now study the image of the second family of words, i.e. Tr(XY b X a ), where b > and 
a + b = n — 1. 

Let us first show: 

Lemma 1.7. ir(Y b X a ) has positive valuation 1 in y. 

Proof of Lemma. Let e y : P 3 — > P 2 = k(ti3, ^23) be the morphism defined by x 1— » ti 3 , y ^ 0, 
z 1 > t 23 . We want to show that e y o 7r(F b X a ) = 0. 

Recall that t3 = f 2 ® t 2 , therefore the composed map F 2 <8> T 2 — > T® 2 — ► T3 (the first map 
is the tensor product of inclusions, the second map is the product) is a linear isomorphism 

F 2 ® T 2 T 3 . We denote by II3 the composed map T 3 F 2 <8> T 2 ld -^ e P 2 . Then we have a 
commutative diagram 

T 4 ^ T 3 
nj. |n 3 
F3 F2 

Here £2 : T 4 — > T3 is the morphism induced by the Lie algebra morphism t 4 — ► t3, if i 

or j = 2, ti 3 1 > fi 2 , ti4 *13, *34 i-*- *23- Indeed, 

P(*14, *24, t 34 )Q(tl2, *13, *2 3 ) ^ ^(tlS, 0, t 23 )Q(0, *12, 0) ^ P(ii 3) 0, t 23 )Q(0, 0, 0), 

whereas 

P(*14, *24, *34)Q(tl2, *13, *2 3 ) ^ J>(*14, *24, t 34 )Q(0, 0, 0) ^ P(i 13) 0, t 23 )Q(0, 0, 0). 

It follows that e y o ir(Y b X a ) = n 2 o e 2 o d 1 ' 2 ' 34 ^^ a ). Now e 2 o d 1 ' 2 ' 34 ^ 6 ^ a ) = (i 23 + 
^24) b (ii3 + t 1A ) a = since & > 0. □ 

Lemma 1.8. If w is a word in x,y,z of positive degree in y, then 

xw + t 13 (w) G h- (8) 

Proof of Lemma. The word xw contains xy as a subword, hence xw G 13. Let us now write 
id as a product w'yw", where w',w" are words. We have ti 3 (w) = Ti 3 (w')yw" + w'yT\ 3 (w"). 
In general, if «/" is a word, then ti 3 (u/") has positive valuation both in x and z. Since ti 3 (w/) 
(resp., ti 3 (w")) has positive valuation in x (resp., in z), T\ 3 {w')yw" (resp., w'yT\ 3 {w")) contains 
xy (resp., yz) as a subword. If follows that T\ 3 {w) G I 3 . This implies (8). □ 

End of proof of Proposition. Now (6), Lemma 1.7 and Lemma 1.8 imply that ir(XY b X a ) G 13. 

□ 

It follows that d' and II o d" induce maps P 2 // 2 — > F 3 /I 3 , which we compute explicitly. 
Lemma 1.9. TTie maps d , d : kLY, F] — > k[x, y, z] induced by d! and II o d" are given by 

-I -=2,3,4 -;12,3,4 -;1,23,4 

a = —a + a — a , where 

f' 3A :f(X,Y)~f(y,z), 

d 12 ' M : f(X,Y) - *ffrV-ym*) t 

x-y 

3 1 ' 23,4 • f(x Y) 1 ► yf(x>y)-zf( w >z) 



1 The valuation in Xj of a nonzero element of a free algebra k{xi, . . . ,x n ) is the smallest degree in Xj of a 
word appearing with a nontrivial coefficient in its decomposition; the valuation of is +00. 
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and by 

3" : 1 ~ 0, Xf(X) i ► a?/(ar - z), F/(F) ^ - z), X Yf(x, Y)^x yf(x -z,y-z). 

Here f(X),f(Y) (resp., f(X,Y)) are arbitrary 1-variable (resp., 2-variable) polynomials. 
Proof. The maps d 2 ' 3,4 , c? 12 ' 3 ' 4 and d 1 ' 23 ' 4 all take I2 to ^3, so they induce maps of' 3 ' 4 , d, 12 ' 3 ' 4 

,-=1,23,4 , T — 1 x t t i 1 -,' -;2,3,4 -=12,3,4 -=1,23,4 

and a : F^/h — > F 3 /I 3 . We then have a = —a + a —a 

Let us compute d ' ' . We have d 2 ' 3 ' 4 (Y b X a ) = z b y a , whose image in F 3 /I 3 is z b y a . This 
implies the formula for d ' ' . 

12 3 4 

Let us compute d ' ' . We have d 12 ' 3 ' 4 (y 6 X°) = z b (x + y) a , whose projection on V 3 along 
I3 is z b (y a + y a ~ 1 x + • • • + x a ). The image of this element in k[x,y,z] is 

(x a + x^y + ■■■ + y a )z b = xa+1 _~ V * +1 z b . 

x-y 

The formula for d, 12 ' 3 ' 4 follows by linearity. 

One computes d ' ' in the same way. We have d 1,23,A (Y b X a ) = (y + z) b x a , whose projection 
on V 3 along I 3 is is (z b + z b ~ 1 y + • • • + y b )x a . The image of this element in k\x,y, z] is 

6+1 _ 6+1 

^ a (/+/- 1 z + -.. + z b ) = 5? a tf _ _ . 

y-z 

1 23 4 

The formula for d ' follows by linearity. 

Let us now compute d . Clearly d (1) = 0. Let n > and let us compute d (X n ). This is 
the image in F3//3 of II o d 1 ' 2 * 34 ^™) = IL((t 13 + t u ) n ). We have 

n 

(*13 + tu)" = ((*14 + *34 + tis) - t 34 )" = ^(-l) fc C^ (i 34 ) fe (tl4 + *34 + t 13 ) n ~ k , 

fe=0 

since [ii 4 + i 34 + ii3, £34] = 0. Now [t 13 , tu + i 34 ] = 0, hence 

n— k 

(t 34 ) fe (ti4 + i 34 + ti 3 )"- fe = ciu(t 3i ) k (t 14 + t 34 ) n - k - a (t 13 r, 

a=0 

which is mapped by II to (^34)^(^4 + t 34 ) n ~ k = z k (x + z) n ~ k . The projection of this element 
on V 3 along I 3 is z k (z n ~ k + z n ~ k ~ 1 x + • • • + x n ~ k ), whose image in k[x,y,z] is z k (x n ~ k+1 - 
z"- fc+1 )/(x- z). So 



— n — fc+1 ~z a ~ k+1 



n-1 



TQT) = =— = z k = x(x-z) 

k=0 

This implies the formula for d"(Xf(X)). The formula for d"(Yf(Y)) is proved in the same 
way. 

Let us now prove by induction on k + 1 that when k, t > 0, 

d"(X k Y e ) =xy(x-z) k - 1 {y-zy~ 1 . (9) 

When k = t=l, d}^ A {YX) = (t 23 ti3) 1,2,34 ^ *24*u + [*23, *u] - yx hence /(IF) =ip, 
which proves (9) in this case. 

Assume that (9) holds for k + I < n and let us prove it for k + I = n (k, £ > 0). 
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When I = 1, we have d" {xY) = x(x — z) k ^ 1 , therefore 

k-i 

n{X k ) = ^(-l) a C%_ lZ a x k - a +i, where ?e/ 3 . (10) 
Then (6) implies that 

fc-i 

n(YX k ) = yn(X k ) + ^(-lrC^a^V^) + r 23 (£). 

Now (10) implies that yir(X k ) e yx k + I 3 . The projection of T 2 z{z a x k ~ a ) on V 3 along J 3 is 
z a yx k ~ a if a 7^ 0, otherwise. 

Lemma 1.10. r 2 z{h) C I3. 

Proof of Lemma. If w, «/ and w" are any words in x, y, z, then 

T2z{wxw'yw") = T23(w)xw'yw" + wxT23(w')yw" + wxw'[y, z]w" + wxw'yT2z{w") G I3. 

One proves similarly that T2z{wxw' zw") and T 2 3(wyw' zw") belong to I 3 . □ 

So rf"pT fc F) = x k y + Ea^ 1 i(- 1 ) a Cfe-i^ fe_ "y ^" = % Viz - zf" 1 , which proves (9) in this 
case. 

When I > 1, we use (9) for — 1). This gives 

jr (y/-i X *) = ^^(-l) a+/3 C^_ 1 Cf_ 1 ^+V" 1 " /3 a; fe " a +^ 

q=0/3=0 

where r) £ I3. 

Then (6) implies that 

fe-l ^-2 

7T(Y e X k ) = yw(Y e - 1 X k ) + ]T Y.^- l ) a+PC k-i C Li T ^ za+P V g ' 1 ' Px ^ a ) + ^M- 

a=0 0=0 

All the terms in the expansion of yTr(Y i ~ 1 X k ) belong to I3, except the terms corresponding to 
a = (3 = 0, so yTr(Y e - 1 X k ) e y e x k + I 3 . 

If a,b,c> 0, then the projection of T2z{z c y b x a ) on V3 along ^3 is z c (y — z)y h x a if 6 ^ and 
c 7^ 0; it is z c y b+1 x a if c ^ and 6 = 0; it is -z c + V^ a if c = and 6 ^ 0; and it is if 
b = c = 0. 

Lemma 1.10 implies that T23(r]) € I3. Then the projection of n(Y i X k ) on V3 along I 3 is 

lfx k -zif- 1 x k + {-l) a+l3 C%_ 1 C$_ 2 z a+ P{y-z)y e - 1 - x k - a 

(a,/3)e({0,... ,fe-l}x{0,... ,<-2})-{(0,0)} 

= E E(-i) a+/3 ^-i^- 2 ^ +/3 (y - ^)^- 1 -^ fe -. 

a=0,3=0 

So d'(X k Y t ) = (y — z)x y (x - z) fe_1 (y - z) e ~ 2 = x y(x - z) k ^ 1 (y - zY~ x , which proves (9) in 
this case. This proves the induction. □ 

Lemma 1.11. Define d = d + d" : \a[X,Y] — > k.\x,y,z]. The kernel of d^ y\ '■ (X Y) — > 
k[s,y,z] is equal to the linear span of the XflC™ — Y™ — (X — Y) n ) / (X — Y), where n>2. 
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Proof. The map d^ y) takes /(A, Y) to 

r ,- , xf(x,z) - yf(y,z) yf(x,y)-zf(x,z) xyf{x-z,y-z) 

- J (y, z ) H = = = = 1 7= =77= 3— 

x — y y — z (x — z)(y — z) 

■ (g(x ~z,y-z)+ g(x, z) - g(y, z) - g(x, y)), 



x y 



{x-y){y-z) 

where g(x,jfi = ^f(x,y). 

So f(X,Y) G Kcr (d) n (X Y) iff /(A,F) G (X Y) and 

g(x-z,y-z)+g(x,z) - g{y,z) - g(x,y) = 0. (11) 

Let us solve (11), where g(x, y) G k[x,y]. By linearity, we may assume that g is homogeneous; 
let n be its degree. If n = 0, we get g = a constant polynomial. Assume that n > 0. Applying 
{d/dz)\z= to (11), we get 

(-^ + -^)g(x,V) = c(x n - 1 -y n - 1 ), 

for some c G k. This gives c(X,Y) = h(X-Y) + c(X n -Y n )/n, there h(X) G k[A] has degree 
n, so g(X,Y) = cQ? 1 - Y )/n + c'(X - Y) n , for some d G k. 

Substituting this is (11), we get c' = —c/n, so the set of solutions of degree n of (11) is the 
linear span of g(X,Y) = X" - F" - (X - Y) n , where n > 0. 

It follows that f(X,Y) G Ker (d) n (A F) iff / is a linear span of the A(A™ - F" - ( X - 
Y) n )/(X — y), n > and belongs to (A Y). This means that / is a linear span of the same 
elements, where n>2. □ 

Let us now prove Theorem 0.1. Let ^ e l 3 be a solution of (2) and (3), homogeneous of 
degree n. One checks that if n = 1, then ip = 0; let us assume that n > 2. Recall that f 2 C t3 
is the Lie subalgebra generated by A = £ 13 and Y = f 2 3, and that t 3 = k • (t 12 + i 13 + 1 23 ) © f 2 . 
Since this is a graded decomposition, we have ip G f 2 , where f 2 = [f 2 , f 2 ] is the degree > 2 part 
of f 2 (it coincides with p defined in the Introduction, since it coincides with t 3 = [t 3 , t 3 ]). 

Let us set P ki = ad(A) fe - 1 ad(Y) £_1 ([X, Y]) (here M > !)■ Then p/[p,p] is an abclian Lie 
algebra with basis [Pkt], k,£ > 1. We have therefore V = Sfe £>i fc+£= n a ktPkt + ip', where 
ip' £ [p,p]. We set 

a (A, F) := ^ a ke X h Y e £ k[A,F]. 
k,i>l,k+£=n 

Lemma 1.12. The image of Pkt m F 2 /I 2 ~ k[A, Y] is {-l) k X k Y l . We have [p,p] C h- 

Proof. The first statmeent follows from the expansion of Pki- Let us denote by (F 2 ) > o C F 2 
the subspace of all elements of positive valuation both in A and in Y. Then p C (F 2 ) >a . So 
[p,p] C ((F 2 ) >0 ) 2 C 7 2 , which proves the second statement. □ 

£ 

Let us denote by ip the image of ip in F 2 // 2 ~ k[A, Y]. Then ip = J2k e>i k+i=n(~^) a uX Y 
a{-X,Y). _ 

The image of (F 2 ) >0 by the projection map F 2 — > F 2 // 2 = k[A, Y] is the ideal (A Y). Since 
ip G p, we have ip £ (AY). 

On the other hand, we have d(ip) = 0. It then follows from Lemma 1.11 that for some A G k, 
we have a(-X,Y) = AA(A™ — F™ — ( A - Y) n ) /(A - Y), i.e., 

a(X,Y) = (-ir+iAA ^"-^- 1 ^ 



X + Y 
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Recall that p ki = ad( J 4) fc " 1 ad(B) i - 1 ([A, B]), where A = t 12 and B = t 23 . Let b kt (k,£ > 0, 
k + I = n) be the coefficients such that tp £ ^2 k (>1 k +t =n bktPki + [p, p]- We set b(A, B) = 

J2k.t>i.k+e=n heA k B l £ k[A,B]. Then b(A, B) is the image of the class [tp] of tp in p/[p,p] 
under i : p/[p,p] ~ (A B) defined in the Introduction. 

In general, the polynomials a(X, Y) and b(A, B) are related by 

b(A,B) = -=^=a(-A-B,B), 

so in our case 

b(A, B) = X (A n + - (A + B) n ) ■ 
Now the image of condition (2) in p/[p,p] is that b(A, B) satisfies 

b(A,B) b(B,C) b(C,A) = 
AB BC C A 

where C = - A - B. 

Now Ctp(A, B) + Atp{B, C) + Btp(C, A) = -A(l + + eT +1 + 

It follows that if n is even, then the image of (2) implies A = 0, therefore the image [tp] of tp 
in p/[p,p] is zero, and that if n is odd, then the image of (2) is automatically satisfied, so that 
b(A, B) is proportional to (A + B) n — A — B , i.e., [tp] is proportional to [<r n ]. This ends the 
proof of Theorem 0.1. □ 



2. Proof of Corollary 0.4 

Recall that Assoc(k) is a torsor under the right action of a group GRT(k). We will first 
prove: 

Proposition 2.1. Set Assoc*(k) = {$ £ Assoc(k)|(4) holds}. Then Assoc*(k) is stable 
under the action o/GRT(k) on Assoc(k). Therefore Assoc* (k) is either or Assoc(k). 

Proof of Proposition 2.1. Let $ £ Assoc*(k) and let g £ GRT(k). We should prove that 
$ * g satisfies (4). 

Recall that GRT(k) is the semidirect product GRTi(k) xik x , where GRTi(k) is the prounipo- 
tent group exponentiating grt 1 (k), and the action of k x on GRTi(k) is the exponential of its 
action on (k) induced by the grading. So it suffices to check that $ * g satisfies (4) when 
j£k x , and when g £ GRTi(k). 

If g = fi £ k x , then = &(/iA, fiB), therefore <£>*^ satisfies (4) with = M™C*( n )- 

If g £ GRTi(k), then g — exp(tp), where tp £ grt 1 (k). We set $ t := <& * exp(t^). According 
to Theorem 0.1, there exist scalars /i n £ k (n odd > 3) such that [tp] — J2 n oddn > 3 Mn[ (7 n]- 
Since tp £ U(A,B), this means that {tP B Bf h = dd,™> 3 M( 3 + B) n - T - B"). 

Let e be a formal variable with e 2 = 0. Then &t+e = &t + £(^tip + Dip(&t)), where is 
the derivation of f 2 (A,B) such that D^(A) = [tp,A], D^{B) = 0. 

Using the decompositions tp — tpAA + tp B B, $ t = 1 + (<fr t ) A A + ($j)bB, we get 

$ t+£ = l + ($ t ) A A+{<f> t ) B B 

+ e($ t tp A A + $ t tp B B + D^ t ) A )A + D^ t ) B )B + (* t ) A (lM - A(tp A A + Vb-B))) , 

so 

{$>t+e) B B = (<P t ) B B + s($ t tp B B + D^ t ) B )B - {$ t ) A Atp B B). 
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Let us apply the abclianization to this formula. Since <!> t s exp(f2(A, B)), we have $ ab = 1 and 
so ((<f> t ) A A+ ($ t ) B S) ab = 0. Therefore 

{d/dt)(((<S> t ) B BT h ) = (V^s) ab (i - ((* t )i^) ab ) - (feB) ab (i + (($t) B S) ab ). 

Therefore 1 + (($ ( ) B B) ab = (l + ($ Bj B) ab ) cxp {t(^ B B) ah ), and with t = 1 this gives 1 + (($ * 
ff) B B) ab = (1 + ($ B B) ab ) exp ((V>s-B) ab ). 

Since $ satisfies (4), we get 1 + (($ * g) B B) &h = T^ g (A + B)/(T^ g (A)T^ g (B)), where 
r$* g (s) = r$(s)exp(J]„ odd,n>3M«s"), i-e. $ *g satisfies (4) with C** s («) = C*(«) ~ n A*n f° r 
n odd > 3, and = C*( n ) f° r n even > 2. □ 

Let us now prove Corollary 0.4. Proposition 2.1 implies that Assoc* (k) is either or 
Assoc(k). 

Let k and k' be fields of characteristic 0. It is immediate that if k C k' and Assoc* (k') = 
Assoc(k'), then Assoc* (k) = Assoc(k). On the other hand, if k C k' and Assoc* (k) = 
Assoc(k), then Assoc* (k') = Assoc(k'): indeed, Proposition 5.3 of [Dr] implies that Assoc(k) ^ 
0, so Assoc*(k) 7^ 0; we have obviously Assoc*(k) C Assoc*(k'), hence Assoc*(k') ^ 0; 
then Proposition 2.1 implies that Assoc* (k') = Assoc(k'). It follows that if for some k, 
Assoc* (k) ^ 0, then Assoc* (k) = Assoc(k) for any k. We will now prove that Assoc* (C) ^ 
0. 

Let $kz be the Knizhnik-Zamolodchikov associator defined as in [Dr] as the renormalizcd 
holonomy from to 1 of the differential equation G'(z) = (4 + Then (2ni, <I>kz) £ 

Assoc(C) satisfies (4) with (<s>(n) = ((n) for any n > 2. Indeed, in [Dr], (2.15), it is proved 
that 

n 



[log $ KZ ] - cxp ( V ^l(T + B ri -(A + B) n )) 1- 

' * 11 



n>2 

ab 



Then ($ K z) A = *p-i(lo g( f>Kz)A, ($kz)b - §|^(log $kz)b, therefore ($ K z)f = (log^z)! 1 
[log<i>Kz]/-B (the last equality follows from log$KZ e p)- So 



1 + ((^KZ)B-B) ab = r m°d_(^ + B )_ 

r m od(^4)r m od(-B) 

where r mo d(w) = cx p(X)n>2 i s related to the T-function by r moc j(w) = e 7 "/ (— uT(— u)), 

where 7 is the Euler-Mascheroni constant. It follows that (<&kz,27t«) G Assoc* (C), therefore 
for any k, Assoc* (k) = Assoc(k). □ 
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